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Abstract 

A world sheet in anti-de Sitter space is a timelike submanifold consisting of a one- 
parameter family of spacelike submanifolds. We consider the family of lightlike hypersur¬ 
faces along spacelike submanifolds in the world sheet. The locus of the singularities of 
lightlike hypersurfaces along spacelike submanifolds forms the caustic of the world sheet. 
This notion is originally introduced by Bousso and Randall in theoretical physics. In this 
paper we give a mathematical framework for the caustics of world sheets as an application 
of the theory of graph-like Legendrian unfoldings. 


1 Introduction 

In this paper we consider geometrical properties of caustics and Maxwell sets of world sheets 
in anti-de Sitter space as an application of the theory of Legendrian unfoldings [m El [m 
ElEEP which is a special but an important case of the theory of wave front propagations 
j37j . Anti-de Sitter space is one of the Lorentz space forms with rich geometric properties. It is 
dehned as a pseudo-sphere with a negative curvature in semi-Euclidean space with index 2 which 
admits the biggest symmetry in Riemannian or Lorentz space forms. Anti-de Sitter space plays 
important roles in theoretical physics such as the theory of general relativity, the string theory 
and the brane world scenario etc. It is one of the typical model of bulk spaces of the brane world 
scenario or the string theory (cf. [21IH1221 [23113I1I3S])- On the other hand, one of the important 
objects in the theoretical physics is the notion of lightlike hypersurfaces (light-sheets in physics) 
because they provide good models for different types of horizons [Z112S]- In [20] we considered 
lightlike hypersurfaces along spacelike submanifolds with general codimension in anti-de Sitter 
space, lightlike hypersurfaces usually have singularities. We showed that lightlike hypersurfaces 
are wave fronts and applied the theory of Legendrian singularities [H |3S] to obtaining geometric 
properties of the singularities of lightlike hypersrufaces. 

A world sheet (or a brane) in anti-de Sitter space is a timelike submanifold consisting 
of a one-parameter family of spacelike submanifolds. Each spacelike submanifold is called 
a momentary space. Since a momentary space is a spacelike submanifold, we have a lightlike 
hypersurface along each momentary space as a consequence of [2Q|. The set of singular values of 
a lightlike hypersurface is called the focal set along the momentary space. Since the world sheet 
is a one-parameter family of momentary spaces, we naturally consider the family of lightlike 
hypersurfaces along momentary spaces in the world sheet. The locus of the singularities (the 
focal sets) of lightlike hypersurfaces along momentary spaces is the caustic of the world sheet 
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which was introduced by Bousso and Randall in order to define the notion of holographic 
domains. In this paper we construct a mathematical framework for the caustic of a world sheet 
and investigate the geometric properties of the singularities of the caustics of world sheets. For 
the purpose, we apply the theory of graph-like Legendrian unfoldings HSIEI]. We also consider 
the notion of Maxwell sets (crease sets) of world sheets which play an important role in the 
cosmology [29l |33] . In their paper |3l H] the authors draw pictures on the simplest case (cf. [H 
Figures 2 and 3]). However, this case the caustic coincides with the Maxwell set (i.e. a line). In 
general, these sets are different, so that we consider both of them in this paper and emphasize 
that the Maxwell set of a world sheet is also an important subject. 

On the other hand, caustics appear in several area in physics (i.e. geometrical optics 123. the 
theory of underwater acoustics [5] and the theory of gravitational lensings [28] , and so on) and 
mathematics (i.e. classical differential geometry [6l [TJl |30] and theory of differential equations 
mm, and so on 0). The notion of caustics originally belongs to geometrical optics. We can 
observe the caustic formed by the rays reflected at a mirror. One of the examples of caustics 
in the classical differential geometry is the evolute of a curve in the Euclidean plane which 
is given by the envelope of normal lines emanated from the curve. The ray in the Euclidean 
plane is considered to be a line, so that the evolute is the caustic in the sense of geometrical 
optics. Moreover, the singular points of the evolute correspond to the vertices of the original 
curve. The vertex is the point at where the curve has higher order contact with the osculating 
circle (i.e. the point where the curvature has an extremum). Therefore, the evolute provides 
important geometrical information of the curve. We have the notion of evolutes for general 
hypersurfaces in the Euclidean space similar to the plane curve case. In particular, there are 
detailed investigations on evolutes for surfaces in the Euclidean 3-space [HI [30]. Analogous 
to the Euclidean case, we can define the evolute of a hypersurface in Lorentz-Minkowski space 
[3^[M] . Since a world sheet is a timelike submanifold, we may consider the evolute of a timelike 
hypersurface in Lorentz-Minkowski space. However, the normal line is directed by a spacelike 
vector, so that the speed of the line exceeds the speed of the ray. Although the evolute of a 
timelike hypersurface is a caustic in the theory of Lagrangian singularities, it is not a caustic 
in the sense of physics. The situation in anti-de Sitter space is similar to that of Lorentz- 
Minkowski space. In a Lorentz manifold, the ray is directed by a lightlike vector, so that rays 
emanated from a spacelike submanifold forms a lightlike hypersurface. Moreover, we have no 
notions of the time constant in the relativity theory. Hence everything that is moving depends 
on the time. Therefore, we have to consider one parameter families of spacelike submanifolds 
(i.e. world sheets) in a Lorentz manifold, so that the notion of caustics by Bousso and Randall 
mm is essential. For further theoretical investigation, we construct a mathematical (geometric) 
framework for the caustics and the Maxwell sets of world sheets in this paper. 

We remark that the similar construction can be obtained for other Lorentz space forms (i.e. 
Lonrentz-Minkowski space and de Sitter space). For a general Lorentz manifold, the situation 
is different from the case of Lorentz space forms. In this case, we cannot construct explicit 
generating families for corresponding graph-like Legendrian unfoldings (cf. §6). However, we 
can apply the theory of graph-like Legendrian unfoldings by using the classical method of 
characteristics for the (singular) eikonal equation corresponding to the Lorentz metric. The 
detailed results will be appeared in elsewhere. 
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2 Semi-Euclidean space with index 2 


In this section we prepare the basic notions on the senii-Euclidean (n+2)-space with in¬ 
dex 2. For detailed properties of the semi-Euclidean space, see [26]. For any vectors x = 
(x-i,xo,xi, • • • ,Xn),y = {y-i,yo,yi, ■'' lUn) G the pseudo scalar product of x and y 

is dehned to be {x,y) = —x_i 2 /_i — x^yo + (,)) a semi-Euclidean 

{ji+2)-space with index 2 and write instead of (,)). We say that a non-zero vector 

X in is spacelike, null or timelike if {x, x) > 0, {x, cc) = 0 or {x, a;) < 0 respectively. The 
norm of the vector x G R^^^ is dehned to be ||a;|| = \/\{x, a;)|. We dehne the signature of x by 


sign(a:;) 


1 a:: is spacelike 

0 a? is null 

— 1 a; is timelike 


For a non-zero vector n G and a real number c, we dehne a hyperplane with pseudo-normal 
n by 

HP{n,c) = {a? G R 2 ’'"^|(a;, n) = c}. 

We call HP{n, c) a Lorentz hyperplane, a semi-Euclidean hyperplane with index 2 or a null 
hyperplane if n is timelike, spacelike or null respectively. 

We now dehne the Anti de Sitter n + 1-space (briehy, the AdS n + 1-space) by 

AdS^+^ = {xe R 2 +^ I {x, x) = -1} = 


the unit pseudo n -|- 1-sphere with index 2 by 

^ 2 ”+'= {* e Rr^ I {x,x) = l}, 
and the (closed) nullcone with vertex A G by 


= {a:: G R 2 '''^|(a:: — X,x — X) = 0}. 

In particular we write A* = \ { 0 } and also call it the (open) nullcone. Our main subject 

in this paper is AdS'^^^. Since the causality of AdS"^^^ is violated, it is usually considered the 

-- n-\-l 

universal covering space AdS of AdS"^^^ in physics which is called the universal Anti de 
Sitter space. We remark that the local structure of these spaces are the same. Since AdS"'^^ 
is a Lorentz space form, there exists a lightcone on each tangent space. Such a lightcone is 
explicitly expressed as follows: For any A G AdS'^^^, we have a hyperplane HP{X, —1). This 
hyperplane is the tangent hyperplane of AdS"'~^^ at A. We can show that 

HP{X, -1) n AdS^+^ = A"+^ n AdS^+\ 

Therefore, P[P{X, —1) O is the lightcone in the tangent hyperplane PdP{X, —1) of 

AdS"^^^ at A. We write it by LC^'^^(X) and call an anti-de Sitter lightcone (briefly, an AdS- 
lightcone) at A G AdS'^^^ . 

For any Xi, ■ ■ ■ , x^+i ^ we dehne a vector a^i A ■ ■ ■ A cc„ by 




-e_i 

-eo 

ei ■ 


Xi A • 

A 

x\i 

Xq 

x\ 




rf.n+^ 

X_i 

Xq 

^n+1 . 

Xi 
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where {e_i, eg, ei, • • • , e„} is the canonical basis of Xi = (x^i, Xq, • • • , We 

can easily check that 


{x, Xl^■■■ ^ Xn+i) = det(a3, a^i, • • • , Xn+i), 
so that a^i A • ■ ■ A is psendo-orthogonal to any Xi (for z = 1, • • • , n). 

3 World sheets in in anti-de Sitter space 

In this section we introdnce the basic geometrical framework for the stndy of world sheets in 
anti-de Sitter n + 1-space. Consider the orientation of provided by the condition that 
det(e_i, eo, ei, • • • , e„) > 0. This orientation indnces the orientation of a:_ia:o-plane, so that it 

--n+l 

gives a time orientation on AdS'^^^. If we consider the nniversal Anti de Sitter space AdS , 
we can determine the fntnre direction. The world sheet is dehned to be a timelike snbmanifold 
foliated by a codimension one spacelike snbmanifolds. Here, we only consider the local sitnation, 
so that we considered a one-parameter family of spacelike snbmanifolds. Let AdS'^^^ be the 
oriented and time-oriented anti-de Sitter space. Let X : U x I —> AdS'^~^^ be a timelike 
embedding of codimension k — 1, where t/ C (s -|- A; = n -|- 2) is an open snbset and I an 
open interval. We write W = X{U x /) and identify W and U x I throngh the embedding X. 
Here, the embedding X is said to be timelike if the tangent space TpW of IT at p = X{u,t) 
is a timelike snbspace (i.e., Lorentz snbspace of TpAdS^~^^) for any point p G W. We write 
St = X{U X {f}) for each t E I. We call S = {St \t E 1} a. spacelike foliation on W if St is 
a spacelike snbmanifold for any t E I. Here, we say that St is spacelike if the tangent space 
TpSt consists only spacelike vectors (i.e., spacelike snbspace) for any point p E St. We call St a 
momentary space oi S = [St \t E I}. For any p = X{u,t) ^ W G AdS^~^^, we have 

TpW = {Xt{u,t),Xui{u,t), ■ ■ .,Xu,{u,t))R, 

where Xt = dX/dt, Xu^ = dX/duj. We say that (IT, 5) (or, X itself) is a world sheet if 
W is time-orientable. Since IT is time-orientable, there exists a timelike vector field v{u,t) 
on IT m Lemma 32]. Moreover, we can choose that v is adapted with respected to the 
time-orientation of AdS"'~^^. Here, we say that a timelike vector field v{u,t) on W is adapted if 
det(X(n, t), v{u, t),ei,..., e„) > 0. Let Np(W) be the psendo-normal space of IT at p = X{u, t) 
in Since TpW is a timelike snbspace of TpR^"''^, Np{W) is a fc-dimensional Lorentz snbspace 
of TpR^"*"^. (cf.,[2S])- On the psendo-normal space Np{W), we have a {k — l)-dimensional 
spacelike snbspace: 

= {5 6 N,{}V) I (5,x(t.,«)> = 0 }, 
so that we have a {k — 2)-nnit sphere 

NP^(W)p = {« 6 I (5,5) = 1 }. 

Therefore, we have a nnit spherical normal bnndle over W: 

= IJ N{^'^^{W)p. 

p£W 

On the other hand, we write Np{St) as the psendo-normal space of at p = X{u,t) in 
j^n+ 2 ^ Then Np{St) is a k + 1-dimensional semi-Enclidean snbspace with index 2 of TpR^’*'^ [26] . 
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On the pseudo-normal space Np{St), we have two kinds of pseudo spheres: 


Np{St; -1) = {-u e Np{St) I {v, t;) = -1 } 

Np{St; 1) = {-y e Np{St) \ (y, y) = 1 }. 

We remark that Np{St; —1) is the /c-dimensional anti-de Sitter space and Np{St] 1) is the k- 
dimensional pseudo-sphere with index 2. Therefore, we have two unit spherical normal bundles 
N{St] —1) and N{St', 1) over St- By dehnition, X{u, t) is one of the timelike unit normal vectors 
of St at p = X{u,t), so that X{u,t) G Np{St). Since St = X{U x {t}) is a codimension one 
spacelike submanifold in IT, there exists a unique timelike adopted unit normal vector field 
ri^{u,t) of St such that n^{u,t) is tangent to W at any point p = X{u,t). It means that 
n^lu, t) G Np{St) nTplT with {n^{u, t), n^{u, t)) = —1 and det(X(y, t), n^{u, t), Ci,..., e„) > 
0. We dehne a {k — 2)-dimensional spacelike unit sphere in Np{St) by 

N^‘^\St)p[n^] = {^ G iVp(5t;l) | {tn^{u,t)) = {tX{u,t)) = 0,p = X{u,t) }. 

Then we have a spacelike unit {k — 2)-spherical bundle over St with respect to 

. Since we have {St)[ri^] = TpSt x we have the canonical Rie- 

mannian metric on {St)[ri^] which we write {Gij{{u,t),^))i^ij<^n-i- Since is uniquely 
determined, we can write [iSt] = Nf‘^^{St)[ri^]. Moreover, we remark that {W)\St = 

We now dehne a map NG : —> A* by NG(X(y, t), = n'^(M, t) We call NG 

an AdS-world nullcone Gauss image of IT = X{U x /). A momentary nullcone Gauss image 
of is dehned to be the restriction of the AdS'-world nullcone Gauss image 

NG{St) = ^ AT 

This map leads us to the notions of curvatures. Let be the tangent space of 

at Under the canonical identihcation (NG(iSi)*TM 2 ''"^)(p 4 ) = 

we have 

T^p,^)Nt[St] = TpSt © C TpM © NpiSt) = 

where C T^Np{St) = Np{St) and p = X{u,t)- Let 

n* : NG(54)*TR”+2 = TTi[5t] © R^+^ —^ TTi[5i] 

be the canonical projection. Then we have a linear transformation 

s«(5.)(p,o = -n;,c(ai(M) »<'(p.s)NG( 5,) ■ r(M)©‘'®KI ^ r,,,aAfy*|5,], 

which is called a momentary nullcone shape operator of at (p, ^). 

On the other hand, we choose a pseudo-normal section n^{u,t) G At^'^'^(lT) at least locally. 
Then we have {n^,n^) = 1 and {Xt,n^) = (X„,,n'^) = {nA,n^) = 0, so that the vector 
nA'{u,t) + n^{u,t) is lightlike. We dehne a mapping 

NG(5io;n^) :U —^ A* 

by NG(iSi(,; n^){u) = nA'{u,to) + ^'^(yUo); which is called a momentary nullcone Gauss images 
of StQ = X{U X {to}) with respect to . Under the identihcation of St^ and U x {to} through 
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we have the linear mapping provided by the derivative of the momentary nullcone Gauss 
image NG(iSt(,; n^) at each point p = X{u, to), 

dpNG^Stg] n^) : TpSt^ —> = TpSt^ © Np{Sto). 

Consider the orthogonal projection tt* : TpSt^ © Npi^St^) —)■ TpSt^. We dehne 

Sp{Sto;n^) = -TT* o dpNG{Sto;n^) : TpSt^ —t TpSt^. 

We call the linear transformation Sp^St^; n^) a momentary -shape operator of St^ = X{U x 
{to}) at p = X{u, to). Let n^){p)}i=i be the eigenvalues of Sp^St^; n^), which are called 

momentary nullcone principal curvatures of St^ with respect to at p = X(M,to). Then a 
momentary nullcone Gauss-Kronecker curvature of St^ with respect to at p = X{u,to) is 
defined to be 

KN{Sto;n^){p) = detSp{Sto;n^). 

We say that a point p = X{u,to) is a momentary -nullcone umbilical point of St^ if 

Sp{St^;n^) = n{Sto]n^){p)lT^Sto. 

We say that W = X{U X I) is totally -nullcone umbilical if any point p = X{u,t) ^ W 
is momentary n'^-nullcone umbilical. Moreover, W = X{U x I) is said to be totally nullcone 
umbilical if it is totally n'^-nullcone umbilical for any . We deduce now the nullcone Wein- 
garten formula. Since Xui {i = 1,.. .s) are spacelike vectors, we have a Riemannian metric 
(the first fundamental form ) on St^ = X{U x {to}) defined by ds"^ = Yln=igijduiduj, where 
gijiufio) = {Xufiufio), Xuj{u,to)) for any u E U. We also have a nullcone second fundamen¬ 
tal invariant of St^ with respect to the normal vector field dehned by hij{Stg;n^){u,to) = 
{—{'nfi' + n^)ufiu, to), Xufiu, to)) for any u E U. By the similar arguments to those in the proof 
of [T5l Proposition 3.2], we have the following proposition. 

Proposition 3.1 Let {X, n^, nf,..., nf_^} be a a pseudo-orthonormal frame of N{StQ) with 
n^_i = . Then we have the following momentary nullcone Weingarten formulae : 

(a) NG{St,; 

(b) o n^)X„^,. 

Here {hl{Sto;n^)) = (hikiSto^n^)) and = {gkj)~^- 

Since NG(5i(,; n'^)„. = dNG(5to; n'^)(X„J, we have 

Sp{Sto-,n^){Xufiu,to)) = -TT* oNG(5to;n^)„,(M,to), 
so that the representation matrix of Spi^Stf^] n^) with respect to the basis 


n 


").. = {nl 


, n'^)(n^ + n^) 




- J2Lihi{St^;n^)X^ 


{X Ul (M, to) , X (^, ^o) , • • • , ^ Us (^, ^o) } 


of TpStQ is {Hj{StQ',n^){u,to)). Therefore, we have an explicit expression of the momentary 
nullcone Gauss-Kronecker curvature of St^ with respect to by 


KN{Sto;n^){u,to) 


det {hij{Sto;n^){ufio)) 
det {gay {u, to)) 
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Since {—{rJ' + n^){u,t),Xu.{u,t)) = 0 we have 

hij{St^]n^){u,t) = {nF{u,t) + n^{u,t),XuiUj{u,t)). 

Therefore the momentary nullcone second fundamental invariant of St^ at a point po = X{uq, to) 
depends only on the values ri^{uo) + n^{uo) and X^ujiuo), respectively. Therefore, we write 

hij{StQ, Ti ){uo,to) = hij[StQ){po., ^o), 

where po = X(uo,to) and = n^{uo,to) E {W)pg. Thus, the momentary n'^-shape op¬ 
erator and the momentary nullcone curvatures also depend only on ri^{uo,to) + n^{uo,to), 
Xui{uo,to) and XuiUj{uo,to), independent of the derivation of the vector helds and . 
We may write S'po(5io;|o) = Sp^iSt^^n^), ^o)iPo) = Ki{Sto;n^){po) (i = l,...,s) and 

KN{Sto,^o){Po) = Kf^{Sto;n^){po) at po = X{uo,to) with respect to ^g = n'^(Mo,fo). We 
also say that a point po = X(uo,to) is momentary ^Q-nullcone umbilical if Spf^{StQ] $,o) = 
^g)lTpg 5 tQ • The momentary space St^ is said to be totally momentary nullcone um¬ 
bilical if any point p = X{u, to) is momentary ^-nullcone umbilical for any ^ G {StQ)p[n^]. 
Moreover, we say that a point po = X{uo, to) is a momentary ^Q-nullcone parabolic point of W 
if Kj^{Stf^]^Q){po) = 0. Let np^{St)i{p, ^) be the eigenvalues of the momentary nullcone shape 
operator SN{<St)(p,^), {i = 1, ..., n — 1). We write K,N{<St)i{p, ^), (i = 1, ..., s) as the eigenvalues 
belonging to the eigenvectors on TpSt and K,N{St)i{p,^), {i = s -f 1,.. .n) as the eigenvalues 
belonging to the eigenvectors on the tangent space of the hber of W [5^]. 

Proposition 3. 2 Forpo = X{uo,to) and ^g G pp, we have 


We call np^{St)i{p,^) = K,i{St,^){p), {i = I,..., s) the nullcone principal curvatures of St with 
respect to ^ at p = X{u, t) G W. 

Proof. Since {X, n^, nf,..., n^_i} is a pseudo-orthonormal frame of N{St) and 

^0 = nf_i(Mo,tg) G = iVi[5tp]p, 

we have {n^iuo, to), ^g) = (nf (wg, to), ^g) = 0 for i = 1,..., /c — 2. Therefore, we have 

= (^f (wo, ^o), • • •, rif_ 2 iuo, to)). 


By this orthonormal basis of the canonical Riemannian metric Gij{po, ^g) is represented 

by 

where gij{po) = (X^,,(Mg,tg), X„^.(Mg,tg)). 

On the other hand, by Proposition 3.1, we have 


1 = 1 


NG{Sto,n^)u, 


dpf,NG{Sto-,n^) 



so that we have 


SpQ {StQ , ^g) 


A 

dui 


1 = 1 
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Therefore, the representation matrix of Sp^^Stoi^o) with respect to the basis 
\^X ui (jJ-Oi to) 1 ■ ■ ■ ■) ^ Us (j^Oi to) ■) ^1 ("WQ) to), • • • , 2(^0) to)} 

of is of the form 


f hl{Sto,n^){uo,to) * \ 

\ 0 —Ik-2 ) 

Thus, the eigenvalues of this matrix are A* = ^q)(Po), (t = l,---,s) and Aj = —1, 

(i = s + l,...,n — 1). This completes the proof. 

□ 


4 Lightlike hypersurfaces along momentary spaces 

We dehne a hypersurface LEI^j : [5*] x M —)■ AdS'^^^ by 

LH5,(((M,t),|),/i) = X(M,f) + /i(n'^(M,f) +^) = X{uA) + nNG{St){{u,t),^), 

where p = X{u,t), which is called a momentary lightlike hypersruface in anti-de Sitter space 
along St- We remark that x M) is a lightlike hypersurface. Here a hypersurface 

is lightlike if the tangent space of the hypersurface at any regular point is a lightlike hyperplane. 

We dehne a family of functions H : U x I x AdS'^~^^ — > R on a world sheet W = X{U x I) 
by if((M,t), A) = (X(M,f),A) + 1. We call H the anti-de Sitter height function (briehy, AdS- 
height function) on the world sheet W = X{U x I). For any hxed (to, Ao) G / x R^"''^, we write 
h(to,\o)i'^) = ^t((M,to), Ao). 

Proposition 4.1 Let W be a world sheet and H : U x I x {AdS^~^^ \ W) —)■ R the AdS-height 
function on W. Suppose that Pq = X{uo,to) 7^ Then we have the following: 

(1) ^(io,Ao)(Mo) = dh(toM)l^^i{'^o) = 0, (t = 1,..., s) if and only if there exist G 

and /To G R \ {0} such that Ao = (((mo, to), ^o); Fo)- 

(2) h(t(,,Ao)(Mo) = dhp^^Xg)/dui{uo) = det'H{hpo,\o))iuo) = 0 {i = 1,..., s) if and only if there 

exist ^0 ^ tVi[iStQ]p(, such that Ao = (((mo, to),^o);Fo) cind l/po ts one of the non-zero 

momentary nullcone principal curvatures Kv(‘5t(,)j((Mo, to), ^o); (* = 1,..., s). 

(3) Under the condition (2), rank'H(/i(i(,_Ao))(%) = 0 if and only if po = X{uo,to) ts a non¬ 
parabolic momentary ^Q-nullcone umbilical point. 

Proof. (1) We denote that po = X{uo,to)- The condition hp^^Xo){uo) = (X(mo, to), Aq) + 1 = 0 
means that 


{X{uo, to) — Ao, XiuQ.to) — Ao) — (X(mo, to), X{uq, to)) — 2 (X(mo, to), Aq) + (Aq, Aq) 

= — 2(1 + (X(mo, to), Ao)) = 0 , 

so that X(Mo,to) - Ao G A*. Since dh{to,\o)/dui{u) = (X„,(m, to), Ao) and (X„,,X) = 0, we 
have (X„,(M,to), Ao) = -(X„,(M,to) - Aq). Therefore, dhp^^Xo)/dui{uo) = 0 if and only if 
to) — Ao G Np^M. On the other hand, the condition hpf^^Xo){uo) = {X{uo, to), Ao) + 1 = 0 
implies that (X(mo, to), X(mo, to) — Aq) = 0. This means that X{uo,to) — Ao G Tp^AdS"'~^^. 



Hence h(^toM)i^o) = dh(to,Xo)/^^ii^o) = 0 {i = 1,..., s) if and only if X(Mo,to)-Ao e iVpo(5tJn 
A* n Tp^AdS'^~^^. Then we denote that v = X{uQ,to) — Aq G Npf^{Stg) fl A* fl 
If {nA{uo,to),v) = 0, then n^(Mo,to) belongs to a lightlike hyperplane in the Lorentz space 
Tp^AdS"'~^^, so that n^iuoAo) is lightlike or spacelike. This contradiction to the fact that 
nA{uo,to) is a timelike unit vector. Thus, {'nA'{uo,to),v) ^ 0. We set 


^0 “ 


[ri^{uoAo),v) 


V - n'^(Mo,to)- 


Then we have 


{^0)^o) ~ 2- 

{^o,n^{uo,to)) = 


-1 


-{n^{uo,to),v) -1 = 1 


'n'^{uo,to),v) 

{n^{uo,to),v) + 1 = 0. 


{n^{uo,to),v) 


This means that ^ -^i[‘5to]po- Since —v = {'nA{uo,to),v){n'^{uo,to) + have Ag = 

X(Mg,fg) +/igNG(5tJ((Mo,to)^g), where Po = X{uo,to) and po = {'nA'{uo,to),v). For the 
converse assertion, suppose that Aq = X(Mg, fg)+pgNG(iSi(,)((Mo, to), ^g). Then Aq —X(Mg,to) G 
Npo{Sto))AA* and (Aq - X(Mg, to), X(Mg, to)) = {iJ,oNG{Sta){po,^o),xluo)) = 0. Thus we have 
Ao — X{uo) G Np^^St^) n A* n TpQAdS^~^^. By the previous arguments, these conditions are 
equivalent to the condition that h(^to,\o){uo) = /duiiuo) = 0 (t = 1,..., s). 

(2) By a straightforward calculation, we have 


duiduj ^ ’ 


{XuiUj {u, to), Ao). 


Under the conditions Ao = AC(mo) + po(^^(wo) + ^o); have 
d^h 

Oil Ou {^uiUj{ uq, to), AC('Uo, to)) T Po{X ufUj{ uq, to), (■n- (wo, to) T ^o))’ 

Since (AC„,, X) = 0, we have {X^iup X) = — (X„,, X^^). Therefore, we have 

du dui ^ (Ao/iK‘5to)((«oGo),lo) • 


Thus, det'H(/i(t^^^jj))(Mo) = 0 if and only if 1/po is an eigenvalue of (h* (5tQ)((Mo, to), ^o)); which is 
equal to one of the momentary nullcone principal curvatures Kjv(5f(,)j((Mo, to), ^o); (f = 1, • • •, -s). 
(3) By the above calculation, rank'H(/ip(,^Ao))('*^o) = 0 if and only if 

(/i}(5to)(K,to),lo)) = —{dl), 

Ao 

where l/po = ^v(‘5to)j((MoGo);^o); (* = l,...,s). This means that po = is a non- 

parabolic momentary ^g-nullcone umbilical point. □ 
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5 Graph-like big fronts 


In this section we briefly review the theory of graph-like Legendrian unfoldings. Graph-like 
Legendrian unfoldings belong to a special class of big Legendrian submanifolds (for detail, see 
HB Ha [HI [m EH]). Recently there appeared a survey article [19] on the theory of graph-like 
Legendrian unfoldings. Let T : x (M’" x M),0) —)■ (M, 0) be a function germ. We say that 

is a graph-like Morse family of hypersurfaces if (J^, dqiF) : (R^ x (R™ x R), 0) —)■ (R x R*^, 0) 
is a non-singular and {diF/dt){0) ^ 0, where 


dqj^{q,x,t) 




’ dqk 



Moreover, we say that T is non-degenerate if (J^, dg-7^)|Rfcx(R™x{o}) is non-singular. For a graph- 
like Morse family of hypersurfaces = {fF^dqkF)~^{fS) is a smooth m-dimensional sub¬ 

manifold germ of (R^ x (R™' x R),0). We now consider the space of 1-jets J^(R™',R) with 
the canonical coordinates (xi,...,Xm,LPii • • • )Pm) such that the canonical contact form is 
d = dt — YfJlLiPidxi. We define a mapping 11 : J^(R™',R) —)■ T’^R’" by n(x,t,p) = (x,p), where 
{x,t,p) = (xi,... ,Xm,LPi 5 • • • 5 Pm)- Here, T’^R’" is a symplectic manifold with the canonical 
symplectic structure oj = ^ dxi (cf. [T])- We define a mapping ^jr : (S*(J^),0) —)■ 

J^(R”^,R) by 




/ 

x,t, 

\ 




dF 

Oxfji 


{q,x,t) 


dF 

~dt 


{q,x,t) 


\ 


It is easy to show that =^(E*(J^)) is a Legendrian submanifold germ (cf., [T]), which is called 
a graph-like Legendrian unfolding germ. We call vf|^jr(s,(x)) ^ -^(H*(J^)) —> R”^ x R a 
graph-like Legendrian map germ, where vf : J^(R’",R) —> R”^ x R is the canonical projection. 
We also call lF(=Sfj-(S*(J^))) = 7f(=Sfj-(S*(J^))) a graph-like big front of =S5^(S*(J^)). We say 
that is a graph-like generating family of =Sfj-(S*(J^)). Moreover, we call lFt(=:^(S*(J^))) = 
7ri(7r^^(f) n W a momentary front for each t G (R, 0), where tti : R™' x R —> R™' 
and tt 2 : R™' x R —)■ R are the canonical projections. The discriminant set of the family 
{lFi(^^(E,(^)))Be (R^o) is defined by the union of the caustic 




and the Maxwell stratified set 


where E(lF(=Sfj-(S*(J^))) is the critical value set of and 5'/vi/(^jr(s*(x))) is the closure 

of the self intersection set of lF(=Sfj-(S*(J^))). 

We now define equivalence relations among graph-like Legendrian unfoldings. Let F ; 
(R^ X (R™' X R), 0) —)• (R, 0) and Q : (R^ x (R™' x R), 0) —)• (R, 0) be graph-like Morse families of 
hypersurfaces. We say that and =Sfg(S*(^)) are Legendrian equivalent \i there exist 

a diffeomorphism germ $ : (R™ x R, 7f(p)) —> (R™' x R,7f(p')) and a contact diffeomorphism 
germ d) : (J^(R’", R),p) —> (J^(R"*, R),p') such that vf o d) = $ o W and <h(=SfF(LI*(J^))) = 
(.J^g(S*(^))), where p = -^(0) and p' = Jfg(O). We also say that =Sfr(S*(J^)) and Jfg(E^(Q)) 
are S.P^ -Legendrian equivalent if these are Legendrian equivalent by a diffeomorphism germ 
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$ ; (W^ X M, 7 f(p)) — > (R”^ X R, 7 f(p')) of the form = (0i(a;),f + a{x)) and a contact 

diffeomorphism germ $ : (J^(R™,R),p) —y (J^(R'",R),p') with vf o $ = d> o vf. Moreover, 
graph-like big fronts iy(j^j-(S*(J^))) and hh(=Sfg(S*(^))) are S.P^-diffeomorphicii there exists 
a diffeomorphism germ <h : (R™ x R, W{p)) —> (R™ x R, n{p')) of the form <h(a;, t) = {(j)i{x),t + 
a(x)) snch that <h(hh(=S5^(S*(J^)))) = iy(=^g(S*(^))) as set germs. By dehnition, if 
and are S'.P'^-Legendrian eqnivalent, then hh(=S5^(S*(P'))) and hh(=Sfg(S*(^))) are 

S'.P’^-diffeomorphic. The converse assertion holds generically [T^IEI]- 

Proposition 5.1 (f2I|) Suppose that the sets of critical points 0 /7f|jg>g(s*(g)) are 
nowhere dense respectively. Then and ^g(E^(^))are S.P^-Legendrian equivalent 

if and only if Wand W{J!fg(T,^{Q))) are S.P^-diffeomorphic. 

We remark that if iy(=:^j-(S*(P))) and W{J:fg{Tj^{Q))) are PP^-diffeomorphic by a diffeo¬ 
morphism germ <h : (R™ x R, ¥(p)) —> (R™ x R, 7 f(p')), then 

*h(C^^(s*(jc-)) U u M5fg(s4g)). 

For a graph-like Morse family of hypersnrfaces P : (R^ x (R™' x R),0) (R, 0), by the 

implicit fnnction theorem, there exist fnnction germs P : (R^ x R™', 0) —)■ (R, 0) and A : 
(R^ X (R"^ X R),0) —)■ R with A(0) 7 ^ 0 snch that P(g,a;, f) = X{q, x,t){F{q, x) — t). We have 
shown in [19] that P is a graph-like Morse family of hypersnrfaces if and only if P is a Morse 
family of fnnctions. Here we say that F : (R^ x R™', 0) —> (R, 0) is a Morse family of functions 
if 

/ f)F dF\ 

dF,= :(K"xR™, 0 )^R'^ 

is non-singnlar. We consider a graph-like Morse family of hypersnrfaces 


P(g, x, t) = A(g, X, t)(P(g, x)-t). 

In this case S*(P) = {(g, x, P(g, x)) G (R^ x (R"^ x R),0) | (g, x) G C'(P)}, where 


C{F) = { (g,x) G (R^ X R'",0) 


dF, . dF, , 

— (g x) = ■ ■ ■ = —(g, x) = 0 
oqi dqk 


Moreover, we dehne a map germ L{F) : (C'(P),0) 


OF 


L(P)(g,x) = ( X, —(g,x). 


T*R™ by 
dF 


’ dXr. 




It is known that L{F){C{F)) is a Lagrangian snbmanifold germ (cf., [T]) for the canonical sym- 
plectic strnctnre. In this case P is said to be a generating family of the Lagrangian snbmanifold 
germ L(P)(P(P)). We remark that n(j^_ 7 r(S*(P))) = L(P)(P(P)) and the graph-like big front 
lF(.ifj-(S*(P))) is the graph of P|C'(P). Here we call 'iT\L{F){ciF)) ■ L{F){C{F)) —)■ R™ a 
Lagrangian map germ, where tt : T*R”* —> is the canonical projection. Then the set 

of critical valnes of 'n'\L(F){ciF)) is called a caustic of L(P)(P(P)) = n(.i5^(S*(P))) in the 
theory of Lagrangian singnlarities, which is denoted by Cfp)(c(f))- By dehnition, we have 
Cl(f)(c(f)) = C'^^(s*(x))- 

Let P,Q : (R*' x (R™ x R),0) —)■ (R, 0) be graph-like Morse families of hypersnrfaces. We 
say that n(=S5^(E*(P))) and are Lagrangian equivalent if there exist a diffeo¬ 

morphism germ T : (R™, vr o n(p)) — > (R™', tt o n(p')) and a symplectic diffeomorphism germ 
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']/ : (T*R”*,n(p)) — > (T*®™, n(p')) such that tt o v]> = \[/ o tt and \I/(n(^j-(S*(J^)))) = 
n(^g(S*(^))), where p = =^(0) and p' = ^g{Q). By dehnition, if n(=SfjF(E*(J^))) and 
n(^g(S*(^))) are Lagrangian equivalent, then the caustics and C_^g(^Y:,(g)) are dif- 

feomorphic as set germs. The converse assertion, however, does not hold (cf. [21]). Recently, 
we have shown the following theorem (cf. [T71 |T9l 1^ ) 

Theorem 5.2 With the same notations as the above, n(.ifjF(E*(J^))) and Il{J^g{'E^,{Q))) are 
Lagrangian eguivalent if and only if and ^g{Jl^{Q)) are S.P^-Legendrian equiva¬ 

lent. 


We have the following corollary of Proposition 5.1 and Theorem 5.2. 

Corollary 5.3 Suppose that the sets of critical points of o,re nowhere 

dense, respectively. Then n(=Sfj-(E*(J^))) and n(.ifg(E*(^))) are Lagrangian equivalent if and 
only if W and iy(=Sfg(S*(^))) are S.P^-diffeomorphic. 

There are the notions of Lagrangian stability of Lagrangian submanifold germs and S.P^- 
Legendrian stability of graph-like Legendrian unfolding germs, respectively. Here we do not 
use the exact dehnitions of those notions of stability, so that we omit to give the dehnitions. For 
detailed properties of such stabilities, see muH]. We have the following corollary of Theorem 

5.2. 


Corollary 5.4 The graph-like Legendrian unfolding is S.P^-Legendrian stable if 

and only if the eorresponding Lagrangian submanifold n(.ifr(S*(J^))) is Lagrangian stable. 

Let P : x (R”^ x R), 0) —)■ (R, 0) be a graph-like Morse family of hypersurfaces. We dehne 

/ : (R^ X R, 0) —)■ (R, 0) by f{q, t) = P{q, 0, t). For graph-like Morse families of hypersurfaces 
P : (R^ X (R™' X R),0) —)■ (R, 0) and G : (R^ x (R”^ x R),0) —)■ (R, 0), we say that / and g 
are S.P-K.-equivalent if there exist a function germ u : (R^ x R, 0) —)■ R with i/(0) ^ 0 and a 
diffeomorphism germ 0 : (R^ x R, 0) — > (R^ x R, 0) of the form (j){q, t) = {<pi{q, t),t) such that 
fidyt) = Although we do not give the dehnition of S'.P’''-Legendrian stability, 

we give a corresponding notion for graph-like Morse family of hypersurfaces. We say that P is 
an infinitesimally S.P^-K-versal unfolding of / if 


Sk+i 


dqi 


P 7 

oqk 


+ 


^k + 1 


dt 


fdP. 


= x{0}xR) ■ ■ ■ ■> 


dP 

dXm. 


= x{0}xR 


where Sk+i is the local R-algebra of C°°-function germs (R^ x R, 0) —)■ R. It is known the 
following theorem in [121 1^ - 


Theorem 5.5 The graph-like Legendrian unfolding =2fj-(S*(P')) is S.P^-Legendre stable if and 
only if P is an infinitesimally S.P^-fC-versal unfolding of f. 


In [19] we have shown the following theorem. 

Theorem 5.6 Let P,G ; (R^ x (R"* x R),0) —)■ (R, 0) be graph-like Morse families of hy¬ 
persurfaces such that =Sfj-(S*(P')), are S.P^-Legendrian stable. Then the following 

conditions are equivalent 

(1) and ^g{Jl^,{G)) are S.P^-Legendrian equivalent, 

(2) / and g are S.P-1C-equivalent, 

(3) n(.5fj-(S*(P'))) and n(=^g(S*(^))) are Lagrangian equivalent, 

(4) lF(.if^(E4P))) and W(^g(S,(^))) are S.P+-diffeomorphic. 
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6 Unfolded light like hypersrufaces 


Returning to our situation, we have the following proposition. 

Proposition 6.1 Let H he the AdS-height function on W. For any {{u,t), A) G A*F[~^{0), the 
germ of H at {u, A) is a non-degenerate graph-like Morse family of hypersurfaces. 

Proof. We denote that 

X{uA) = (X_i(M,t),Xo(M,t),Xi(n,f), .. .,Xn{uA)) and A = (A_i, Aq, Ai, ..., A^). 

We dehne an open subset Ufi = {A G AdS'^^^ \ A_i > 0 }. For any A G we have 

A_i = — Aq + Af + ■ ■ ■ A^. 

Thus, we have a local coordinate of AdS'^^^ given by (Aq, Ai, ..., \n) on Ufi. By dehnition, we 
have 


H{u,t, A) = 

that the mapping 


i=l 


We now prove 


is non-singular at (n, t, A) G A*. 
A*H\{U X {t} X is given by 

/ ^ ^ _X 


dH dH\ ^ , 

A*H-\0) n{u X {t} X Indeed, the 

by 


X 


Jacobian matrix of 


X_i- 


A 


A-i 

A_1 A_1 


- + Xi 


-h VS.1 


A-1 




An 


A-1 
A-1 




nui 


A, 


^ - Aon, A + Xi,, 


V 


A- 


A-i 


-X-in, 


~1 




nug 


) 


where 



( (Wn„A) ■ 

■■ (Wn.,A)\ 

A- 

U\U\ 1 '^) 

{.ALuxusi A) 


y {XusUi 1 -A) 

{XugUs -I A) J 


We now 


B 


An 


■Wo 


^ X — 

'A-1 

W-iniX_Xoni -W-lni^ 


Al 


-X-i^ + Xi • 

A-1 


-W-1 


An 


Ao 


Al 


-W-in,^-l 


W-ln.y^-Xon. -X-in,^ + Xin, -X-m ^ _ X, 


'n ^ 
A-1 


\ 


■x, 


nui 


\ 


’A-1 


’A 


A_ 


^nus 


) 
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is s + 1 at {u,t,X) G Since {u,t,X) G we have 

with Y^ili = 1, where {X, n^, nf,..., nf_^} is a pseudo-orthonormal (local) frame of 
N{M). Without the loss of generality, we assume that /i 7 ^ 0 and ^k-i 7 ^ 0. We denote that 

n^(u, t) =\n\{u, t),n^{u, t),... nl{u, t)), ni{u, t) =\nl^{u, t),nl{u, t),... n^iu, t)). 


X = X{u,t) + ^ 


n 


{u,t) + 


fc-i 

2=1 


It is enough to show that the rank of the matrix 


C 


x_ 


lUs 


X, 


OUa 


A_i 

X _ X 

A -1 

Aq 

A-i 

Aq 

A-i 

Ao 

A-i 

_ „J-2 


-A'_W + a'i 
A ^ 

--h Xiu-^ 


-x_ 


n 


-1 


n 


-1 


Un 


- rin 


-n 


—n 


A-i 

Ai 
A-i 

rp \l 
1 -^1 


A-I 


\ 


Iw 


V A_i 


-n 


■'A_i 
k-2 Al 


+ ^lUs 


-h n\ 


+ n\ 


-X_ 


Ills 


A -1 

An 


nui 


x„ 


+ nl 


k-2 


rp An J' 

-nil--^n 

A-1 

1 An 1 

-nil— -nn 




A-i 


A_i 

is n -|- 1 at (n, t, A) G ). We denote that 

tti =\xi{u,t),Xiui{u,t),.. .Xiua{u,t),nJ{u,t),nl{u,t),... ,n^~‘^{u,t)) 
Then we have 

C / Ao Al An 

= a_i- -ao, -a_i- -h ai,..., -a_i-— 

\ A_i A_i A_i 

It follows that 


det 


^ det(ao, cii,..., an) + det(a_iai,..., an) 

A-i 


A-i 

Al 


(-1) det(a_i, ao, a 2 ,..., a„) 


A 


(-1)” ^ det(a_iao, ai,..., an-i). 


A-I A_i 

Moreover, we dehne 5* = det(a_i, ao, ai,..., aj_i, a^+i,..., an) for i = —1,0,1,..., n and 
a = (— 5 - 1 , —5o, —5i, (— 1 )^ 52 , • • •, (—l)”~^5n). Then we have 

a = X A Xui A ■ ■ ■ A Xua A A ni A ■ ■ ■ A nk- 2 - 

We remark that a 7 ^ 0 and a = ±||a||nfc_i. By the above calculation, we have 


det 



X{u)+ fi ^n^(n) -7 ^ j , a 


k-l 


i=l 
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Therefore the Jacobi matrix of A*H is non-singular at {u,t, A) G A*H ^(0). 

For other local coordinates of AdS^~^^, we can apply the same method for the proof as the 
above case. Therefore, the AdS-height function is a non-degenerate big Morse family of 
hypersurfaces. 

On the other hand, we have 

— (M,f, A) = (Xt(M,t), A). 

Since ^ G Nf‘^^[St]p = Nf‘^^{W)p and Xt{u,t) ^ TpW, we have {Xt{u,t),0 = 0- Moreover, we 
have {X, X) = —1, so that {Xt{u,t)-, X{u,t)) = 0. Therefore, for A = X{u,t)+l^{n'^{u.,t) + Oi 
we have 

dH 

— {u,t,A) = {Xt{u,t),^) = fi{Xt{u,t),n^{u,t))- 

We remark that n^{u,t) is a timelike vector such that {n^ Xui iuA)) = 0 , (f = l,...s). 
Since ti, t),t),...t)} is db bsisis of the Loroiitz sp^co Tp\^ cind. {u,t) e 

TpW, we have {Xt{u,t),nT{u,t)) ^ 0. Moreover, \ ^ W implies p 7 ^ 0. Thus we have 
dH/dt(u, t) 7 ^ 0 for A = X{u, t) + n{'nA{u, t) + ^). This completes the proof. □ 

We also consider the local coordinate U^i- Since is a non-degenerate graph-like Morse 
family of hyper surfaces, we have a non-degenerate graph-like Legendrian unfolding 


By dehnition, we have 
dH 


\ f)M \ 


{i = 1,... ,n) and dH/dt{{u, t), A) = {Xt{u, t), A). It follows that 

dH 


dH^ dH^ dH , ,, 


d\r 




[{Xt, A) : X_i(m)Ao - Xo(m)A_i : Xi(m)A_i - X_i(m)Ai : • ■ ■ : X4m)A_i - X_i(m)AJ. 


We denote that 


Di{X,X) = det 




{i = 0, l,...,n). 


Then we have 


^h{{u, t), A) 


Do{{X,X) Di{{X,X) /^„((X,A) A 
(X„A) ’ (X„A) ’•••’ (X„A) ) 


1 


where 

S,(JJ) = |(Kf),A) 


A = (( (w, t), ^), /i) ( (p, ^), /i) G [5,] X M, p = X (w, t) }. 


We observe that is a graph-like generating family of the non-degenerate graph-like Legendrian 
unfolding ^h{T^{,H)). Proposition 4.1 asserts that the graph-like big front W of 
the non-degenerate graph-like Legendrian unfolding ^h(T^,{H)) is given by 


,t) G X / A = Le5,((Kt),0,p),^ G N^^^[St]p,p = X{u,t),iie 
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We define a mapping LH : Nf'^^{W) x M —> AdS^~^^ x / by 

which is called an unfolded lightlike hypersruface of W. We write L]H[(i 4 ^_ 5 ) = L]HI(iV^'^’^(W) x M). 
Then we have L]HI(i 4 / 5 ) = W{AfH(X‘*{H)), so that the image of the nnfolded lightlike hypersrn- 
face of W is the graph-like big front set of Each momentary front is the lightlike 

hypersnrface L]Hl 5 j(iV/^'^'^[iSi] x M), which is called a momentary lightlike hypersruface along 
the momentary space St- By assertion (2) of Proposition 4.1, a singular point of the mo¬ 
mentary lightlike hypersruface x M) is a point Aq = (((mq,^ 0 ) 5 /^o) for 

l//io = nM{StQ)i{{uQ, to), ^q), i = 1,..., s. Then we have the following corollary of Proposition 
4.1. 


Corollary 6.2 A singular point of 'Is the point (A, t) G AdS^^^ x I such that A = 

L]Hl 5 ,(((n,t),^,/i), where l//i = KN{St)i{{u,t), ^), i = l,...,s. 


For a non-zero nullcone principal curvature KN{StQ)i{{uo,to), ^ 0 ) 7 ^ O 5 have an open 
subset Oi C such that KN{St)i{X{u,t), 7 ^ 0 for {X{u,t), £ Oi. Therefore, we 

have a non-zero nullcone principal curvature function KN{S)i : Oi —> M. We define a mapping 
: O, n AdS^+^ by 




X{u,t) + 


KNiSt)i{X{uA),$,) 


NG((n,t),0. 


We also define 


LF 5 , = U {LF.,( 50 .(X(n,t),|) I {X{u,t),0 e s.t. KNiStUX{u,t), ^ O} . 

i=l 


We call LF^j the momentary lightlike focal set along St = X{U x {t}) in AdS^^^. By definition, 
the momentary lightlike focal set along St = X{U x {t}) is the critical values set of the 
momentary lightlike hypersnrface LEI^j [iSt] xM) along St- Moreover, an unfolded lightcone 
focal set of (W, S) is defined to be 


LF(v^,5) = IJLF5, X {t} C AdS^^^ X I. 
tel 


Then LF(vi/^ 5 ) is the critical value set of LH. 


7 Contact with lightcones 

In this section we consider the geometric meanings of the singularities of momentary lightlike 
hypersrufaces in Anti-de Sitter space from the view point of the theory of contact of sub¬ 
manifolds with model hypersurfaces in [21]. We begin with the following basic observations. 


Proposition 7.1 Let Xo G AdS^~^^ andSt^ = X{U x{to}) a monetary space ofW = X{UxI) 
without points satisfying Kp^{Stf)){p, = 0. ThenSt^ C if and only if Xq = LF^^^ 

is the momentary lightcone focal set. In this case we have LH^^^ xM) C 

and StQ = X{U X {to}) 'Is totally momentary nullcone umbilical. 
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Proof. By Proposition 3.1, K]\f{Sto){po,^Q) 7 ^ 0 if and only if 

{(n'^ + n^), {nF + , (n^ + n'^)nj 

is linearly independent for po = X{uo,to) G St^ and = n^{uo,to), where : xl — > 
is a local section. By the proof of the assertion (1) of Proposition 4.1, StQ C fl 
AdS^~^^ if and only if hx^^tgiu) = 0 for any u E U, where hx^^taiu) = H{u,to, ^ 0 ) is the AdS- 
height function on StQ. It also follows from Proposition 4.1 that there exists a smooth function 
7] : U X —)■ M and section : U x I —y such that 

X{u,to) = Xo + riiu,n^{u,to))i'ri^iu,to) ±n^{u,to))- 


In fact, we have ri{u,n^{u,to)) = —i = l,...,s, where p = X{u,to) and 
^ = n^[u,to)- It follows that KN{Sto)i{p, = KN{Sto)j{p,$,), so that Stg = X{U x {to}) is 
totally nullcone umbilical. Therefore we have 


lMst^{u,n^{u,to),lj) = Ao + {p + {uAo)){nF{u^o) ±n'^(n,to)). 

Hence we have x R) C A”^^ fl AdS"^^^. By dehnition, the critical value set 

of xR) is the lightlike focal set which is equal to Aq by the previous 

arguments. 

For the converse assertion, suppose that Aq = RFstg- Then we have 


Ao — AC(m, to) + 


-NG(5iJ(M,to,|), 


^7v(‘5tg) j(AC('U, to), ^) 
for any t = 1,..., s and (p, ^) G where p = X{u, to). Thus, we have 


KN{StQ)i{X{u,to),^) = nN{StQ)j{X{u,to),^) 


for any i,j = l,...,s. This means that StQ is totally momentary nullcone umbilical. Since 
NG(iStg)(M, to, ^) is null for any (n,^), we have X{U x {to}) C A”^^ DAdS^^^. This completes 
the proof. □ 


We now consider the relationship between the contact of a one parameter family of sub¬ 
manifolds with a submanifold and the S'.P-/C-classification of functions. Let Gj C R^, (i = 1, 2) 
be open sets and gt : {Ui x I,(ui,ti)) —> (W^Vi) immersion germs. We dehne : {Ut x 
/, {uiAi)) —t (R” X /, {viAi)) by Pi(M,t) = (fi'i(w)G)- We denote that (W, {viAi)) = HiiUi x 
Let fi : (W^,yi) —> (R, 0) be submersion germs and denote that (y{fi),yi) = 
(/“^(0),^i). We say that the contact ofYi with the trivial family ofV{fi) at {yi,ti) is of fhe 
same type in the strict sense as the contact of Y 2 with the trivial family ofV{f 2 ) at (^ 2 ,^ 2 ) 
if there is a diffeomorphism germ $ : (R"" x I,{yi,ti)) —t (R” x 1 ,(^ 2 , ^ 2 )) of the form 
$( 2 /, t) = (01 (y, t), t -|- (t 2 — ti)) such that <h(F 1 ) = H 2 and <h(H(/i) x I) = V ( 02 ) x /. In this 
case we write SK{Yi,V{fi) x P,{yi,ti)) = SK{Y 2 ,V{f 2 ) x I;{y 2 ,t 2 ))- We can show one of 
the parametric versions of Montaldi’s theorem of contact between submanifolds as follows: 

Proposition 7.2 We use the same notations as in the above paragraph. Then the following 
conditions are equivalent: 

(1) SK{Yt, V{h) X /; ( 2 / 1 , H)) = SK{Y2, H(/2) x J; (^ 2 , ^ 2 )) 

(2) fl o gi and 02 o p 2 are S.P -1C -equivalent (he., there exists a diffeomorphism germ T ; 
(Gi X /, (Til, ti)) —> (U 2 X I, (u 2 , ^ 2 )) of the form 4/(m, t) = (01 (m, t),t + (t 2 — ti)) and a function 
germ A : (Uixl, (ui,ti)) —> R with \(ui, ti) 0 0 such that (f 2 og 2 )°^(u, t) = A(m, f)fiogi{Ti, t)). 
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Since the proof of Proposition 7.2 is given by the arguments just along the line of the proof of 
the original theorem in | 21 ], we omit the proof here. 

We now consider a function —> M dehned by i)x{x) = {x,X) + 1 , where 

A G AdS^~^^. For any Aq G AdS^~^^, we have the Lorentzian tangent hyperplane HP{\o, —1) 
of de Sitter space AdS"‘~^^ at Aq, so that we have an AdS-lightcone 

= AdS^^^ n 77P(Ao, -1) = LC^'^^iXo). 

Moreover, we consider a point Aq = (X(mo 5 ^ 0)5 /^o)- Then we have 

f)Ao o X{uoAo) = H{{uo,to),'^'^StoiXiuoAo),^o,fJ-o)) = 0. 

By Proposition 4.1, we also have relations that 
d\\ o X dH 

—-(FoPo) = ^;^((Fo,to),lh]Hl5j^(X(Mo,to),^0)ho)) = 0. 

for i = 1 ,... ,s. This means that the AdS-lightcone t)AQ(O) = LC^'^^{Xq) is tangent to St^ = 
X{U X {to}) at Po = X{uo,to)- The AdS-lightcone LC^'^^{Xo) is said to be a tangent anti-de 
Sitter lightcone (briefly, a tangent AdS-lightcone) of St^ = X{U x {to}) at po = X(uo,to). We 
write that {Sto^po, Ho) = LC'^'^'^(Ao), where Ao = L]Hl 5 ,^(X(Mo,to),^o>Po)- Then we 

have the following simple lemma. 

Lemma 7.3 Let X : U x I —> AdS^~^^ be a world sheet in anti-de Sitter space. We con¬ 
sider two points (pi, ^1, Pi), (p25 ^2) ^2) £ x R, where Pi = XiuiAo), {i = 1,2). Then 

LEs,JX(nu to), (i, /ii)) = LEs,JX(ii2, to), (2, /io)) if and only if 

By the dehnition of unfolded lightlike hypersruface. 


L]HI(X(Mi,ti),|i,pi) = L]H[(X(M2,t2),|2)h2) 


if and only if ti = t 2 and (X(mi, ti), pi) = (X(m 2 , ti), ^ 2 , ^ 2 )- Eventually, we 

have tools for the study of the contact between world sheets and anti-de Sitter lightcones. Since 
we have hx(u, t) = 1 )a o X{u, t), we have the following proposition as a corollary of Proposition 

7.2. 

Proposition 7.4 LetXi : (U x I, {ui,ti)) —t (AdS'^'^^, Pi) {i = 1,2) be world sheet germs with 
Wi = XiiU X I) and Aj = LEI^j, {X{ui, ti), pi). Then the following conditions are equivalent: 

(1) SK{W,,LC^^^{Si„p^,i„p,) X J; (pi,t0) = SK{W2,LC^<^^{Si„p2,i„P2) x /; (p2,t2)), 

(2) h 2 ^x 2 S.P-K-equivalent. 


8 Caustics and Maxwell sets of world sheets 

In this section we apply the theory of graph-like Legendrian unfoldings to investigate the 
singularities of the caustics and the Maxwell sets of world sheets. In [310] Bousso and Randall 
gave an idea of caustics of world sheets in order to dehne the notion of holographic domains. 
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The family of lightlike hypersrufaces x M)}iej sweeps out a region in AdS'^^^. A 

caustic of a world sheet is the union of the sets of critical values of lightlike hypersrufaces along 
momentary spaces {iStjtg/. A holographic domain of the world sheet is the region where the light- 
sheets sweep out until caustics. So this means that the boundary of the holographic domain 
consists the caustic of the world sheet. The set of critical values of the lightlike hypersruface 
of a momentary space is the lightlike focal set of the momentary space. Therefore the notion 
of caustics in the sense of Bousso-Randall is formulated as follows: A caustic of a world sheet 
{W,S) is defined to be 

C'(1T,5) = 1JlF 5, = 7ri(LF(^,5)), 

tel 

where tti : AdS"'~^^ x I —> AdS'^~^^ is the canonical projection. We call C{W,S) a BR-caustic 
of (VT,iS). By definition, we have S(iy(=%-(S*(Tr))) = LF(vi^ 5 ), so that we have the following 
proposition. 

Proposition 8.1 Let (W, S) be a world sheet in AdS^+^ and H : U x I x {AdS^+^ \W) —^ M 
the AdS-height function on W. Then we have CiW^S) = 

In |3lll] the authors did not consider the Maxwell set of a world sheet. However, the notion 
of Maxwell sets plays an important role in the cosmology which has been called a crease set 
by Penrose (cf. [221E3])- Actually, the topological shape of the event horizon is determined by 
the crease set of lightlike hypersrufaces. Here, we write M{W,S) = and call it a 

BR-Maxwell set of the world sheet (W, 5). 

Let Xi : {U X I, (ui,ti)) — > {AdS^~^^,pi), {i = 1,2) be germs of timelike embeddings such 
that (Wi,Si) are world sheet germs, where Wi = XiifJ x I). For A* = LMs^ {X(lIi,ti),^j^,fii), 
let Hi : {U X I X [AdS'^^^ \ Wi), (ui, R, Aj)) — )• M be AdS'-height function germs. We also write 
hi,xXu,t) = Hi{fu,t,Xi). Since 

we can apply Theorem 5.2 and Corollary 5.3 to our case. Then we have the following theorem. 

Theorem 8.2 Suppose that the set of critical points of are nowhere dense for 

i = 1,2, respectively. Then the following conditions are eguivalent: 

(1) (L]HI(vri, 5 i), Ai) and (L]HI(vi^2_52)) ^ 2 ) are S.P^-diffeomorphic, 

(2) and =2^2(2*(1^2)) are S.P^-Legendrian eguivalent, 

(3) (E*(idi))) and n(=2H2(H*(id2)) are Lagrangian equivalent. 

We remark that conditions (2) and (3) are equivalent without any assumptions (cf. Theorem 
5.2). Moreover, if we assume that =5fiy.(S*(idi)) are S'.P’''-Legendrian stable, then we can apply 
Proposition 7.4 and Theorem 5.6 to show the following theorem. 

Theorem 8.3 Suppose that AfHi(J^*{Hi)) are S.P^-Legendrian stable fori = 1,2, respectively. 
Then the following conditions are equivalent 

(1) (L]H[(vri,<Si), Ai) and (L]HI(^2,52); A 2 ) are S.P^-diffeomorphic, 

(2) and = 2 ^ 2 ( 2 *( 7 / 2 )) are S.P^-Legendrian equivalent, 

(3) (E*(idi))) and n(=SfH2(H*(i72)) are Lagrangian equivalent, 

(4) and h 2^\2 are S.P-fC-equivalent, 

(5) SK{Wi,LC^'^^{St„pi,ii,pi) X J; (pi,H)) = SK{W 2 ,LC^'^^{St„p 2 ,i 2 ,R 2 ) x P, {p 2 M))- 
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By definition and Proposition 8.1, we have the following proposition. 

Proposition 8.4 If (S*(iJi))) and n(=Sf// 2 (B*(ip 2 )) are Lagrangian equivalent, then 

BR-eausties C{Wi,Si), C(W 2 ,S 2 ) and BR-Maxwell sets M{Wi,Si), M{W 2 ,S 2 ) are diffeomor- 
phic as set germs, respeetively. 

9 World hyper-sheets in 

In this section we consider the case when k = 2. For an open subset U C M”, let X : U x I —)■ 
AdS^~^^ be a timelike embedding such that {W,S) is a world sheet. In this case {W,S) is said 
to be a world hyper-sheet in Since the pseudo normal space Np(W) is a Lorentz plane, 

N^ds^yy) jg spacelike line, so that N^'^^{W)p comprises two points. For any ^ e Nf^^^{W)p, 
we have —^ G Nf‘^^{W)p. We dehne a pseudo normal section n^{u,t) G N^'^^{W)p for p = 
X{u, f) by 

g X{u,t) A Xud^R) A • • • A Xu^_duR) A Xt{u,t) 

Tl [U t) = -. 

\\X{u,t) A XuiAR) a • ■ ■ a Xu„_du,t) A Xt{u,t)\\ ■ 

Therefore the momentary nullcone Gauss images 

NG(5io,±n^) :U —^ A* 

are given by ±n^)(u) = rt^iuRo) ± n^(u,to). Therefore we have the momentary null- 

cone shape operators 

SA^to)p = SpiSto] ±n^) = -A o dpNG{Sto,±n^) : TpSt^ —)■ TpSt^. 

It follows that we have momentary nullcone principal curvatures 

= KN{Sto){p,±n^{u,to)), (f = l,...,n- 1). 

Then the momentary lightlike hypersrufaces : f/ x M —)■ AdS'^~^^ are given by 

L]HI^^(F,/i) = X{u,t) + fi{rA{u,t) ± n^{u,t)) = X{u,t) fiNG{St, Gn^){u). 

Moreover, the unfolded lightlike hypersrufaces LH^ : U xM —> AdS'^~^^ x I are given by 

L]HI^(m,/ i) = {LMg^{u, fi),t) = {X{u,t) fiNG{St,±n^){u),t). 

For the Ad^-height function H :UxIx AdS^+^ —^ R on {W,S), ERH) = S+(id) U 
where 

^tiH) = {{{u,t),X) I A = lM$Ru,t, fi), e R}. 

Then the image of unfolded lightlike hypersrufaces is 

LHvc = IM^{U X R) ULH"(G x R) = Wi^ni^RH))), 

which is the graph-like big front set of AfH(S*(id)). The momentary lightlike focal sets along 
St are 

n—1 

= U I (F,t) G G X / s.t. K%{St)RX{u,t)) R o|, 
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where 


1 


The unfolded lightcone focal set is 


K%{St)i{X{u,t)) 
IL'F(vy,5) = X {t} U I^LF^^ x {t} 


NGiSt,,±n^)iu). 

C AdS'^+^ X I. 


t&i 


t&i 


In this case the BR-caustic is 


C{W,S) = 7ri(LF(^,5)) = U IjLF^^. 

te/ te/ 


Moreover, the BR-Maxwell set is 

M{W,S) = U 


10 World sheets in AdS^ 

In this section we consider world sheets in the 3-dimensional anti de Sitter space as an example. 
Let {W,S) be a world sheet in AdS^, which is parameterized by a timelike embedding F ; 
J X I —y AdS^ such that St = T{J x {f}) for t G /. In this case we call St a momentary curve. 
We assume that s G J is the arc-length parameter. Then t{s,t) = 7t(^) is the unit spacelike 
tangent vector of St, where 7t(s) = r(s,f). We have the unit pseudo-normal vector held n{s,t) 
of W in AdS^ dehned by 


r(s, t) A t{s, t) A ri(s, t) 
r{s,t) A t{s,t) A rt(s,f)|| ■ 


The unit timelike normal vector of St in TW is dehned to be b{s, t) = r(s, t) A n(s, t) A t{s, t). 
We choose the orientation of St such that b{s,t) is adopted (i.e. det (r(s, f), 6 (s, f), ei, 62 ) > 
0). Therefore, {r{s,t),b{s,t),n{s,t),t{s,t)} is a pseudo-orthonormal frame along W. On this 
moving frame, we can show the following Frenet-Serret type formulae for Sp 

( (9r 

— {s,t)=t{s,t), 

of) 

— (s,t) = Tg{s,t)n{s,t) - Kg{s,t)t{s,t), 

' dn 

— (s,t) = Tg{s,t)b{s,t) - Kn{s,t)t{s,t), 

OS 

— (s, t) = r(s, t) - Kg{s, t)b{s, t) -h Kn{s, t)n{s, t), 

where Kg{s,t) = (|f (s, f), 6(s, f)), Kn{s,f) = (g(s, f), n(s, t)), Tg{s,f) = (g(s, f), n(s, f)). We 
call Kg{s,f) a geodesic curvature, Kn{s,t) a normal curvature and Tg{s,t) a geodesic torsion 
of St respectively. Then 6(s,fo) i ^(> 5 ,^ 0 ) are lightlike. We have the momentary lightlike 
hypersrufaces : J x {to} x M —)■ AdS"^ along Stf^ dehned by ((s,fo),M) = r{s,to) + 

u{b{s,to) ± n{s,to)). Here, we use the notation ILS^^^ instead of because the images of 
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these mappings are lightlike surfaces. We adopt = b and = n. By the Frenet-Serret 
type formulae, we have 

d(n^±n^), , d(b±n), , , ,, , ,,, , , , , , , ,, , 

- — - -{S,t) = - — - -{S,t) = Tg{s,t){n±b){s,t) - {Kg{s,t) ± Kn{s,t))t{s,t). 

Therefore, we have = Kg{s,t) ± K,n{s,t). It follows that 


to) i fo) 

We consider the AdS'-height function H : J x I x AdS^ 
dH 


{b ± t)(s,to) I -S e d, Kg{sAo) ± «n(s,to) 7 ^ 0 . 

> R. Then we have 


ds 

d^H 

ds^ 

d^H 

ds^ 


(s,f. A) = (t(s,f). A), 


{s,t, A) = ((r - Kg6 + K„n)(s,f), A), 

{s,t, A) = (((1 + Kg + nl)t+{KnTg - « - KgTg)n){s,t),X)- 


It follows that the following proposition holds. We write A) = H{s,to, A). 

Proposition 10.1 (1) Htg{s,X) = dHtf^/ds{s, X) = 0 if and only if there exists u G R such 
that A = r(s, to) + u{b{s, to) ± n(s, to)) 

(2) HtQ{s,X) = dHtQ/ds{s, X) = d'^Htf^/ds‘^{s,X) = 0 if and only if Kg{s,to) ±Kn(s,fo) 7^ 0 and 


X — r(s, to) + 


^g(,^i ^o) i to) 


{b{s,to)±n{s,to))- 


(3) Hto{s,X) = dHto/ds{s,X) = d^Hto/ds‘^{s, X) = d^Ht^/ds^{s, A) = 0 if and only ifKg{s,to)± 
K„(s,to) 7^ 0, ((«„ ± Kg)Tg =F « ± Kg))(so,to) = 0 and 


X — r(s, to) + 


Kg(s, to) i to) 


{b{s,to)±n{s,to))- 


(4) Ht,{s,X) = dHtJds{s,X) = d^HtJds\s,X) = d^HtJds^{s, X) = d^HtJds\s,X) = 0 tf 
and only if Kg{s, to) ± f^nisAo) 7^ 0, ± Kg)Tg =F « ± K^))(so,to) = ((k„ ± Kg)Tg =F « ± 

K,'g)y{s, to) = 0 and 


X — r(s, to) + 


Kg(s, to) i to) 


{b{s,to) ± n{s,to))- 


Proof. Since we have the pseudo-orthonormal frame {r(s, t), b{s, t), n(s, t),t{s, t)}, there exist 
real numbers A, /i, z/ G R such that A = ^r(s, t) + \b{s, to) + fin{s, to) + nt(s, to). 

(1) The condition dHt^/ds{s, X) = 0 means that u = 0. Moreover, the condition Ht^{s,x) = 0 
means that ^ = 1. Since (A, A) = —1, we have X — jj^ = 0. It follows that 

A = r(s, to) + fa{b{s, to) ± n{s, to)). 

We put u = jj,. This completes the proof of (1). 
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(2) With the assumption that (1) holds, the condition X) = 0 means that 

0 = (r — Kgb + Knn, A) = {Hg ± Kn)u — 1. 

Therefore, we have K,g{s,to) ± K,n{s,to) ^ 0 and 


A — r(s, to) + 


d: Kn{s^to 


-{b{s,to) ±n{s,to)). 


This completes the proof of (2). 

(3) By the similar arguments to the above cases, we have the assertion (3). 


Moreover, if we calculate the 4th derivative 


ds^ 


, then we have the assertion (4). Since 


those arguments are tedious, we omit the detail here. 

According to the above proposition, we introduce an invariant dehned by 

= {{Kn ± Kg)Tg T « ± 


□ 


Proposition 10.2 Suppose that K,g{s,to) ±K,n{s,to) 7 ^ 0 and we denote r = + or — . Then the 
following eonditions are equivalent 

(1) a^(s,fo) = 0, 

(2) {Aa = 

(3) There exists Aq G AdS^ such that Stg C LC^‘^‘^(Ao). 


Proof. We dehne £± : I —)■ AdS^ by 

£-i-(s) = r(s, to) + 

r± 


Kg{s,to) ± Kn{s,to) 

Then £±{I) = By a straightforward calculation, we have 

a^{s,to) 


{b{s,to) ± n{s,to))- 


4(.) = 


to) i ^0)) 


n{s,to) ± b{s,to))- 


Therefore conditions (1) and (2) are equivalent. Suppose that (2) holds. Then we have AJ = 
ir{s) for any s E I. Thus, we have T{s,to) G Aaj n AdS^ = LC^‘^^{\o) for any s E I, so 
that (3) holds. Suppose that (3) holds. Then there exists a point Aq G AdS^ such that 
Stg C LC'^'^'^(Ao) = HP{Xo, —1) n AdS^. This condition is equivalent to the condition that 
(r(s,to),Ao) = —1 at any s E I. Then HtQ{s,Xo) is constantly equal to zero. By the previous 
calculations, this is equivalent to the condition that {Aq} = £t{I) and (1) holds. This completes 
the proof. □ 


We also have a classihcation of singularities of momentary lightlike hypersrufaces. 

Theorem 10.3 (1) The lightlike hypersruface x {to} x R) at Aq = ■^±('So) G LF^^^ is 

local diffeomorphic to the euspidaledge CE t/(T^(so,to) 7 ^ 0, 

(1) The lightlike hypersruface x {to} x R) at Aq = •^±('So) G LF^^^ is local diffeomor¬ 

phic to the swallowtail SW if a^{so,to) = 0 and /ds{so,to) 7 ^ 0. 

Here, CE = {{u, v^) E (R^, 0) | {u, v) E (R^, 0) } and SW = {{Su^+vu"^, Au^ + 2uv, v) E 

(R3,0) I {u,v) E (R2,0) }. 


23 



In order to prove Theorem 10.3, we use some general results on the singularity theory 
for unfoldings of function germs. Detailed descriptions are found in the book |H]. Let F : 
(M X R'’, (so,a^o)) —t R be a function germ. We call F an r-parameter unfolding of /, where 
f{s) = Fxq{s,xo). We say that / has an Ak-singularity at sq if f^\so) = 0 for all 1 < p < k, 
and ^ 0. Let F be an unfolding of / and /(s) has an Afc-singularity {k > 1) at 

sq. We denote the {k — l)-jet of the partial derivative ^ at sq by j^'^~^\^{s,xo)){so) = 

~ soY for i = 1,..., r. Then F is called an TZ-versal unfolding if the kxr matrix of 
coefficients {aji)j=o,...,k-i-,i=i,...,r has rank k {k < r). We introduce an important set concerning 
the unfoldings relative to the above notions. A Ith-discriminant set of F is 



|x e R'’ 


3s with F 


dF 

ds 


d^F 

ds^ 


0 at (s, x) 


For £ = 1, it is simply denoted by T>p^ which is called a discriminant set of F. Then we have 
the following classihcation (cf., [6]). 

Theorem 10.4 Let F : (R x R'", (so,Xo)) —)■ R 6e an r-parameter unfolding of f{s) which has 
an Ak singularity at Sq. Suppose that F is an TZ-versal unfolding. 

(1) If k = 2, then Dp is locally diffeomorphic to CE x R*"”^. 

(2) If k = 3, then Vp is locally diffeomorphic to SW x R'""^. 


For the proof of Proposition 10.3, we have the following propositions. Let F : J x J —> 
IF C R^ be a world sheet with Kn{s,t) ± Y 0 ^ind H : I x J x —)■ R the AdS- 

height function on F. We dehne /itQ,Ao(s) = Aq) = H{s,to, Aq) and consider that Ht^ is a 

3-parameter unfolding of ht^^xQ. 

Proposition 10.5 If has an Ak-singularity {k = 2,3) at Sq, then Ht^ is an IZ-versal 
unfolding of ht^^Xo- 


Proof. We write that F(s,t) = (Xo(s, t), Xi(s, t), X2(s, t)) and A = (A_i, Aq, Ai, A2). Then we 
have 

Hto{s, Aq) = —X_i(s, to)A-i — Wo(s, to)Ao + W(s, to)Ai -I- ^2(5, to)A2 + 1 - 

Since A G AdS^, we have — A?_i — Aq -l- Aj -|- A^ = — 1 . Then we consider the local coordinates 
(Ao, Ai, A 2 ) of AdS^ given by A_i = ^1 — Aq + Af -|- A^ > 0. Therefore, we have 


dH, 


\ riH 

° ('5) -^ 0 ) = —A'o(s, to) + X_i(s, to)- —, “ (s, Ao) = Xj(s, to) — X_i(s, to)- —, i = 1, 2. 


dXo 

Thus we obtain 

'dH,, 


J 


dXr 


A_i’ dXi 


(■So,Ao)) — —Xo(so, to) +-A_i(so, to) 


A* 

A_F 


Ar 


A_i 


^^°{so,to) + ^^^(so,to)T^ ) (s - So) 


ds 
d^Xp 
ds'^ 


ds 


A-i 


(■So,to) + ^i^y^(so,to)-'^° ' 


ds'^ 


A-i 


(s-so)^ 
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-^o)^ — ^o) ~^o)- 


^^\so,to)-^iso,to) 


ds ds 

1 j'd'^Xi a^X.i 


A-i 


So) 


2 \ ds'^ ds'^ 


(so, to) 


A 

A-i 


(s-so)^ 


i = 1,2. We consider a matrix 


-Xo + X_i^ X2-X_i^ \ 

A _ I _Mo I 9X^1 Aq dXi _ dX.i Ao 

-I- I Pio /-)o \ -t Pio 


A_ 

dX2 _ dX.i An 

ds ' ds A_i ds ds A_i ds ds A_i 

d^X„ I d‘^X -1 Ao A 2 

as2 ds'2 A_1 as2 9^2 Qs2 Qg2 x.x/ 


at (so,to)- Then we have 


det A = — ( Ao, r(so, to) A -^(so, to) A -^(so, to) 




We also have 

ar 

■^(so,to) = t(so,to), -^^(so,to) = —Kg(so,to)b(so,to) + Kn(so,to)n(.So,to)- 
By Proposition 10.1, we have Aq = (F + (h ± n)/{Kg ± Kn))(so,to), so that 

det A = -^(Ao, Kg{so, to)n(so, to) - Knb{so, to)) = ^ 0 . 

A_i A_i 

This means that Ht^ is an 7^-versal unfolding of ht^^Xg. 

For other local coordinates of AdS^, we have the similar calculations to the above case. □ 


Proof of Theorem 10.3. By (1) of Proposition 10.1, the discriminant set Dut^ of the AdF-height 
function on Stg is the lightlike hypersruface along St^. It also follows (3) and (4) of Proposi¬ 
tion 10.1 that htQ^Xg has an y 42 -singularity (respectively, As-singularity) at Sq T <^^(so,to) ^ 0 
(respectively, cr^(so,to) = 0 and ((j^)'(so,to) ^ 0). By Proposition 10.5, iftp is an 7^-versal 
unfolding of ht^^x^ for each case. Then we can apply the classification theorem (Theorem 10.4) 
to our situation. This completes the proof. □ 


We remark that is the lightlike focal curve . Since the critical value set of the 
swallow tail is locally diffeomorphic to a (2, 3, A)-cusp which is defined by C = {(t^, t^, t"^) | t G 
M}, we have the following corollary. 

Corollary 10.6 The lightlike focal curve is locally diffeomorphic to a line if a^{soAo) 7 ^ 

0. It is locally diffeomorphic to the (2, 3,4)-C'Usp t/cr^(so,to) = 0 and (cr^)'(so, to) 7 ^ 0. 


On the other hand, we now classify S'.P’''-Legendrian stable graph-like Legendrian unfoldings 
by 5.P’''-Legendrian equivalence. By Theorems 5.5 and 5.6, it is enough to classify 
/ by 5.P-/C-equivalence under the condition that 


dirnu 


S 


1+1 


dg 


Pf) + 


£1+1 


< 3 . 


In [Tnl [12] we have the following proposition. 
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Proposition 10.7 With the above condition, / : (M x M, 0) —> (M, 0) with df/dt{0) ^ 0 is 
S.P-1C-equivalent to one of the following germs: 

( 1 ) 

( 2 ) ±t±q\ 

(3) ±t + 

(4) ±t±q\ 

(5) ±t + q\ 

The infinitesimally S'.P'*’-/C-versal nnfolding P : (M x (M^ x K),0) —> (M, 0) of each germ 
in the above list is given as follows (cf. [121 Theorem 4.2]): 

( 1 ) <1 

( 2 ) ±t ± q\ 

( 3 ) ±t + q^ + xoq, 

(4) ±t±q^-\- Xoq + 

(5) ±t + q^ + Xoq + Xiq"^ + X2q^. 

By Theorem 5.6, we have the following classification. 


Theorem 10.8 Let (IT, 5) be a world sheet in AdS^ parametrized by a timelike embedding 
r : J X I —> AdS^ and H : J x I x AdS^ —> M be the AdS-height squared function of (IT, S). 
Suppose that the corresponding graph-like Legendrian unfolding C W{AdS^,I) is 

S.P^ -Legendrian stable. Then the germ of the image of the unfolded lightlike hypersrufaces 
LEIw at any point is S.P^-diffeomorphic to one of the following set germs in (M^ x M, 0): 

(1) {(M,n,'«;),0) I {u,v,w) G (M^ 0) }, 

(2) {{—u^,v,w),±2u^) I {u,v,w) e (M^,0) }, 

(3) {{^4u^ — 2vu,v,w),3u^ ±vu‘^) \ (n, n, tc) G (M^, 0) }, 

(4) {((Sn*^ + 2vu + Swu"^, v, w), ±(4n‘^ + vu'^ + 2wu^)) \ {u, v, w) G (M^, 0) }. 


Proof. For any {so,to,Xo) ^ J x I x AdS^, the germ of C W{AdS^, I) at 

Zo = A^^H{so,to, Xo) is S'.P’''-Legendrian stable. It follows that the germ of hx^ at (so,to) is 
PP-ZC-eqaivalent to one of the germs in the list of Proposition 10.7. By Theorem 5.6, the 
graph-like Legendrian nnfolding is PP^-Legendrian eqnivalent to the graph-like 

Legendrian nnfolding .J^(S*(P)) where P is the infinitesimally PP-ZC-versal nnfolding of one 
of the germs in the list of Proposition 10.7. It is also eqnivalent to the condition that the 
germ of the graph-like big front IT(=SfF(LI*(P))) is S'.P’'“-diffeomorphic to the corresponding 
graph-like big front of one of the normal forms. For each normal form, we can obtain the 
graph-like big front. We only show that (5) in Proposition 10.7. In this case we consider 
P(q', Xq, Xi, X2, t) = iLt -h q^ + Xoq + Xiq^ -|- X2q^. Then we have 


dq 


bq'^ + Xo + 2xiq 3xiq^, 


so that the condition P = dP /9g = 0 is eqnivalent to the condition that 


xo = -(5g^ + xo + 2xig 4- 3xig^), to = ±(4g® -4 xig^ -f 2x2q^). 


If we pnt u = q,v = xo,w = xi, then we have 

IT(.ifj-(S*(P))) = {((—(5m"^ -|- 2vu -|- 3wu‘^),v, w), ±(4m"^ -|- vu‘^ -|- 2wu^))\{u, v, w) G (M^, 0)}. 
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It is S'.P’^-diffeomorphic to the set germ of (4). We have similar calculations for other cases. 
We only remark here that we obtain the germ of (1) for both the germs of (1) and (2) in 
Proposition 10.7. Since W(=2^(S*('H))) = LEI^y, this completes the proof. □ 

As a corollary, we have a local classihcation of BR-caustics in this case. 

Corollary 10.9 With the same assumption for the world sheet (IP, iS) as Theorem 10.8, the 
BR-caustic C{W,S) of (IP, 5) at a singular point is locally diffeomorphic to the cuspidaledge 
CE or the swallowtail SW. 

Proof. The BR-caustic C{W,S) of (IP, 5) is the set of the critical values of tti o 7f|^^(//)). 
Therefore, it is enough to calculate the set of critical values of tti o for each normal 

form E in Proposition 10.7. For (5) in Proposition 10.7, by the proof of Theorem 10.8 we have 

S*(P') = {{u, -|- 2vu + V, w) G (M X (M^ x M), 0 )|(m, v, w) G (M^, 0)}. 

It follows that 

TTi o 7 f o ^jr{u, -|- 2vu + 3wu‘^, V, w) = (5n^ -7 2vu + 3wu‘^, v, w). 

Then the Jacobi matrix of f{u, v, w) = (5m^ -|- 2vu + 3wE, v, w) is 

/20m^ + 2n -|- Qwu 0 0\ 

Jf=\ 2u 10, 

\ 3u^ 01/ 

so that the set of critical values of / is given by 

{(—(15m^ -|- 3wu^), —IOm^ — 3wu, w) G (M^, 0) | (u, w) G (M^, 0)}. 

For a linear isomorphism tf : (M^,0) —> M^,0) defined by 'ip{xo,Xi,X 2 ) = (—Ixq, —|a:i, |a: 2 ), 
we have -|- 3wE), —lOn^ — 3uw,w) = (3m"^ -|- -f- |wm, |w). If we put U = 

u,V = ^w, then we have (3f/^ -|- Pf/^, 47/^ -|- 2VU, V), which is the parametrization of SW. By 
the arguments similar to the above, we can show that the set of critical values of tti oT|_s;y(s,(j-)) 
is a regular surface for (3) and is diffeomorphic to for (4) in Proposition 10.7, respectively. 
This completes the proof. □ 


Remark 10.10 Since a world sheet (IP, 5) is a timelike surface in AdS^, we can define the 
AdS-evolute of (IP, 5) by 

+ \ iu,t) eU X I,Kl{u,t) > 1 1 , 

where nfs, t) {i = 1, 2) are the principal curvatures of IP at p = X{u, t) with respect to (cf. 
i). The AdS'-evolute of a timelike surface has singularities in general. Actually, it is a caustic 
in the the theory of Lagrangian singularities. Similar to the notion of evolutes of surfaces 
in Euclidean space (cf. [30]), the corank two singularities of the AdS'-evolute appear at 
the umbilical points (i.e. Ki{u,t) = K 2 {u,t)). The singularities of the AdS'-evolute of a generic 
surface in AdS^ are classified into CE, SW, PY or PU , where PY = {{v? — v"^ + 2uv, —2uv-\- 
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2uw, w)\w^ = is the pyramid and PU = {{3u^ + wv, 3v^ + wu, w)\w'^ = 36uv} is the 

purse. The pyramid and the purse of the AdS-evo\ute correspond to the umbilical points of the 
timelike surface in AdS^. So the singularities of BR-caustics of world sheets are different from 
those of the RdS'-evolutes of surfaces. Since the singularities of BR-caustics are only corank 
one singularities, the pyramid and the purse never appeared in general. Moreover, the normal 
geodesic of a timelike surface is a spacelike curve, so that it is not a ray in the sense of the 
relativity theory. Therefore, the AdS'-evolute of a timelike surface in anti-de Sitter space-time 
is not a caustic in the sense of physics. 
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